We provide examples of nonseparable spaces X for which C(X) admits an isometric shift, which solves in the negative a problem proposed by Gutek et al.
Introduction
The usual concept of shift operator in the Hilbert space 2 has been introduced in the more general context of Banach spaces in the following way (see [4, 15] ): Given a Banach space E over K (the field of real or complex numbers), a linear operator T : E → E is said to be an isometric shift if (1) T is an isometry, (2) the codimension of T (E) in E is 1, E-mail address: araujoj@unican.es.
One of the main settings where isometric shifts have been studied is E = C(X), that is, the Banach space of all K-valued continuous functions defined on a compact and Hausdorff space X, equipped with its usual supremum norm. In this setting, major breakthroughs were made in [9] and [11] . On the one hand, in [9] , Gutek, Hart, Jamison, and Rajagopalan studied in depth these operators. In particular, using the well-known Holsztyński's theorem [14] , they classified them into two types, called type I and type II. On the other hand, in [11] , Haydon showed a general method for providing isometric shifts of type II, as well as concrete examples.
However, a very basic question has remained open since the publication in 1991 of the seminal paper [9] : If C(X) admits an isometric shift, must X be separable? This question is only meaningful for type I isometric shifts since it was already proved in [9, Corollary 2.2] that type II isometric shifts yield the separability of X. Let us recall the definitions. If T : C(X) → C(X) is an isometric shift, then there exist a closed subset Y ⊂ X, a continuous and surjective map φ : Y → X, and a function a ∈ C(Y ), |a| ≡ 1, such that (Tf )(x) = a(x) · f (φ(x)) for all x ∈ Y and all f ∈ C(X). T is said to be of type I if Y can be taken to be equal to X \ {p}, where p ∈ X is an isolated point, and is said to be of type II if Y can be taken equal to X. Moreover, if T is of type I, then the map φ : X \ {p} → X is indeed a homeomorphism.
Not much is known about the possibility of finding a nonseparable space X such that C(X) admits an isometric shift since the problem was proposed. Interesting results in this direction say that such an X must have the countable chain condition (see [10, Theorem 1.4] or [20, Lemma 5.6] ). In [10, Theorem 1.9] , it is even proved that
. .}) must have cardinality at most equal to c, that is, the cardinality of R (where, as usual, cl X A denotes the closure of A in X and C 0 (Z) is the space of K-valued continuous functions on Z vanishing at infinity).
From this fact, we can easily deduce that if C(X) admits an isometric shift, then there exists a set S of cardinality at most c that is dense in X. To see it, we write
. .}, there exists f α = 0 whose support is contained in U . This implies that the set S consisting of the union of all points x α and {p,
In this paper, we will give an answer in the negative to the separability question: There are indeed examples of isometric shifts on C(X), with X not separable, and even having 2 c infinite components (see Sections 3 and 4). The latter example can be connected with the question addressed in [15] , where it was conjectured that the space X cannot have an infinite connected component (the only examples which appeared so far in the literature for type I isometric shifts, both of spaces containing exactly one infinite component, can be found in [9, Corollary 2.1] and [2] ; for the case of type II isometric shifts in the complex setting, see [11] ). Related to this, one of the main results in [9] states that C(X) does not admit any isometric shifts, whenever X has a countably infinite number of components, all of whom are infinite.
Some other papers have recently studied questions related to isometric shifts (also defined on other spaces of functions). Among them, we will mention for instance [1, 3, 5, 6, 16, 17, [19] [20] [21] [22] (see also references therein).
Preliminaries and notation
The unit circle in C will be denoted by T. L ∞ (T) will be the space of all Lebesgue-measurable essentially bounded complex-valued functions on T, and M will be its maximal ideal space. m will denote the Lebesgue measure on T.
It is well known that if ρ is an irrational number, then the rotation map [ρ] : T → T sending each z ∈ T to ze 2πρi satisfies that {[ρ] n (z): n ∈ N} is dense in T for every z ∈ T (see [23, Proposition III.1.4] ). Indeed, it is easy to see that this fact can be generalized to separable powers of T, that is, those of the form T κ for κ c (similarly as it is mentioned for finite powers in [23, III.1.14]): Let Λ := {ρ α : α ∈ R} be a set of irrational numbers linearly independent over Q; if P is any nonempty subset of R and
Given two topological spaces Z and W , we denote by Z + F their topological sum, that is, the union Z ∪ W endowed with the topology consisting of unions of open subsets of these spaces (see [24, p. 65]) .
N := {1, 2, . . . , n, . . .} will be a discrete infinite countable space, and N ∪ {∞ ∞ ∞} will denote its one-point compactification. In our examples, the point 1 will play the same role as p in the definition of isometric shift of type I.
Throughout "homeomorphism" will be synonymous with "surjective homeomorphism." We will usually write T = T [a, φ, Δ] to describe a codimension 1 linear isometry T :
where X is compact and contains N . It means that φ : X \ {1} → X is a homeomorphism, satisfying in particular φ(n + 1) = n for all n ∈ N. It also means that a ∈ C(X \ {1}), |a| ≡ 1, and that Δ is a continuous linear functional on C(X) with Δ 1. Finally, the de-
In general, given a continuous map f defined on a space X, we also denote by f its restrictions to subspaces of X and its extensions to other spaces containing X.
All our results will be valid in the real and complex settings, unless otherwise stated. The only exceptions are the following: Results exclusively given for K = C appear just in Section 5. The only result valid just for the case K = R is given in Example 5.3. C C (X) and C R (X) will denote the Banach spaces of continuous functions on X taking complex and real values, respectively.
Nonseparable examples Theorem 3.1. C(M + N ∪ {∞ ∞ ∞}) admits an isometric shift.
Once we have a first example, we can get more. For instance, the next result is essentially different in that it provides examples with 2 c infinite connected components.
Theorem 3.2. Let κ be any cardinal such that
Finally, we can also give examples with just one infinite component. 
The proofs
It is well known that M is extremally disconnected, that is, the closure of each open subset is also open. In fact, each measurable subset A of T determines via the Gelfand transform an open and closed subset G(A) of M, and the sets obtained in this way form a basis for its topology (see [13, p. 170] ). Now it is straightforward to see that M is not separable: Let (x n ) be a sequence in M, and consider a partition (a.e) of T by k arcs of equal length, k 3. This determines a partition of M into k closed and open subsets of T. Select the arc A 1 such that G(A 1 ) contains x 1 . Next do the same process with k 2 arcs of equal length, and pick A 2 with x 2 ∈ G(A 2 ). Repeat the process infinitely many times, in such a way that each time we take A n of length 1/k n such that Notice that, since M is not separable, every isometric shift on C(M) must be of type I. But there are none because M has no isolated points. Even more, in [9, Corollary 2.5], it is proved that no space L ∞ (Z, Σ, μ) admits an isometric shift if μ is non-atomic.
As usual, we consider T oriented counterclockwise, and denote by A(α, β) the (open) arc of T beginning at e iα and ending at e iβ .
Proof of Theorem 3.1. We start by defining a linear and surjective isometry on L ∞ (T).
We first consider the rotation ψ(z) := ze i for every z ∈ T, and then define the isometry
On the other hand, using the Gelfand transform we have that the Banach algebra L ∞ (T) is isometrically isomorphic to C(M), so S determines a linear and surjective isometry T S : C(M) → C(M). Also, by the Banach-Stone theorem, there exists a homeomorphism φ : M → M such that T S f = −f • φ for every f ∈ C(M). Notice that this is valid both in the real and complex cases (see for instance [7, p. 187 
]).
Let X := M + N ∪ {∞ ∞ ∞}. The definition of T S can be extended to a new isometry
In the same way (Tf )(n) := (f • φ)(n) if n ∈ N ∪ {∞ ∞ ∞} \ {1} (where φ : N \ {1} → N is the canonical map sending each n into n − 1, which obviously can be extended as φ(∞ ∞ ∞) := ∞ ∞ ∞). Finally, we put
where Φ := ( √ 5 − 1)/2 is the golden ratio conjugate. It is easy to verify that T is a codimension one linear isometry, so we just need to prove that
On the other hand, if we fix any α ∈ T, then there exist two increasing sequences (n k ) and (m k ) in 2N and 2N + 1, respectively, converging to α mod 2π . An easy application of the Dominated Convergence Theorem proves that A(α,α+2πΦ) f dm = 2π lim f (n k ), and A(α,α+2πΦ) f dm = −2π lim f (m k ). By continuity, we deduce that
Obviously, this implies that A(α,α+2πΦ) f dm = 0 for every α ∈ T, and f (∞ ∞ ∞) = 0. In particular this proves that f (n) = 0 for every n ∈ N . As a consequence we can identify
On the other hand, it is clear that we may assume that f takes values just in R. Let us prove the claim inductively on n. We know that it holds for n = 1. Also notice that Φ + Φ 2 = 1, so Φ n + Φ n+1 = Φ n−1 for every n ∈ N.
The case n = 2 is immediate because, since
.e., then we have T f dm = A(α,α+2πΦ 2 ) f dm for every α ∈ T. Now assume that, given k 2, the claim is true for every n k. Then we see that, for any α ∈ T,
a.e., so
and the conclusion proves the claim. The claim, combined with the fact that f is essentially bounded, implies that T f dm = 0, and consequently A(α,α+2πΦ n ) f dm = 0 for every α ∈ T and every n ∈ N. Now, it is easy to see that if U is an open subset of T, then U is the union of countably many pairwise disjoint arcs whose lengths belong to the set {2πΦ n : n ∈ N}. Now, applying again the Dominated Convergence Theorem, we see that U f dm = 0. Obviously, this implies that K f dm = 0 whenever K ⊂ T is compact.
Finally take C + := {z ∈ T: f (z) > 0}. We know that there exists a sequence of compact subsets K n of C + , with K n ⊂ K n+1 for every n ∈ N, and such that lim n→∞ m(C + \ K n ) = 0. Clearly, the above fact and the Monotone Convergence Theorem imply that C + f dm = 0, and then m(C + ) = 0. Now we can easily conclude that f ≡ 0 a.e., and consequently T is a shift. 2
Next we prove Theorem 3.2. It provides nonseparable examples with 2 c infinite connected components, each homeomorphic to a (finite or infinite dimensional) torus: It follows from the fact that M is homeomorphic to an infinite closed subset of βN \ N that its cardinality must be 2 c (see [18] and [8, Corollary 9.2]).
Proof of Theorem 3.2. Write the isometric shift T : C(M + N ∪ {∞ ∞ ∞}) → C(M + N ∪ {∞ ∞ ∞})
given in the proof of Theorem 3.1 as T = T [a, φ, Δ]. Obviously, Δ ≡ 0 on C(N ∪ {∞ ∞ ∞}), and it can be considered as an element of C(M) .
Consider a subset P of R with cardinal equal to κ, and suppose that {1/2π} ∪ {ρ α : α ∈ P} is a family of real numbers linearly independent over Q. Then put
for every x ∈ M, and z ∈ T κ . Select now a point v κ in T P = T κ , and consider the evaluation map Γ v κ ∈ C(T κ ) . Both Δ and Γ v κ are positive linear functionals, and so is the product
, and a κ ≡ 1 everywhere else, and put
Let ψ : T → T and Φ be as in the proof of Theorem 3.
To continue with the proof, we need an elementary result:
Let us prove the claim. If it is not true, then there is an > 0 such that, for every λ ∈ D, there exists ν ∈ D, ν λ, such that f z ν − f z 0 . It is easy to see that the set E of all ν ∈ D satisfying the above inequality is a directed set, and that (z ν ) ν∈E is a subnet of (z λ ) λ∈D . Moreover there is a net ( η∈F is a subnet of (z ν ) ν∈E , so z 0 = z 0 . Consequently  both (x η , z η ) η∈F and (x η , z 0 ) η∈F converge to (x 0 , z 0 ) . Taking limits, this implies |f
, which is absurd. Now, fix (α, w) ∈ T × T κ and > 0. We know that (α, w) belongs to the closure of both
We first consider the case j = 0, and take a net (y λ ) λ∈D = (e in λ , ρ
for every λ λ 1 .
On the other hand, by the claim, there exists
for every ν ∈ D. We easily deduce that
and consequently 2πf (∞ ∞ ∞) = A(α,α+2πΦ) f w dm. In a similar way, working with N 1 , we see that 2πf (∞ ∞ ∞) = − A(α,α+2πΦ) f w dm. With the same arguments as in the proof of Theorem 3.1, we conclude that f w ≡ 0, and finally f ≡ 0, as we wanted to prove. 2 • a κ ≡ −1 on M × {0} ∪ T κ , and a κ ≡ 1 everywhere else.
Proof of Theorem 3.3. Notice first that
• φ κ = χ on M × {0, 1}, and φ κ = ρ κ on T κ .
Next fix α ∈ T, w ∈ T κ , and for j = 0, 1, 2, 3, take increasing sequences (n (4), we have that the following equalities hold:
We deduce that X α i = 0 for every α ∈ T and i = 0, 1, and that f ≡ 0 on T κ . As in the proof of Theorem 3.1, we easily conclude that f ≡ 0. 2
Some differences between the real and complex cases
In this section we show that in the complex setting, it is possible to obtain nonseparable examples with arbitrary (finitely many) infinite connected components. For the different behavior in the real setting, see Example 5.3.
Our first result in this section is indeed given for separable examples. The idea of the proof is used in Theorem 5.2 to obtain nonseparable examples. In both cases T 0 denotes the set {0}. 
is an isometric shift of type I. For n ∈ N, we say that T is n-generated if n is the least number with the following property: There exist n points x 1 , . . . , x n ∈ X \ cl X N such that the set
Notice that isometries simultaneously of types I and II are always 1-generated (see [9, Theorem 2.5]), so the next theorem provides a way for constructing isometries that are not of type II.
Theorem 5.1. Let K = C. Suppose that n ∈ N, and that (κ j ) n j =1 is a finite sequence of cardinals satisfying 0 κ j c for every j . Then there exists an n-generated isometric shift
Proof. Let P 1 , . . . , P n be any pairwise disjoint subsets of R of cardinalities κ 1 , . . . , κ n , respectively. Consider any family Λ := {ρ α : α ∈ R} of real numbers linearly independent over Q, and put σ j := [ρ α ] α∈P j for each j n (in the case when κ j = 0, that is, P j = ∅, σ j is the identity). Also let v j be a point in T P j .
Next write X n := T P n + · · · + T P 1 + N ∪ {∞ ∞ ∞}, and define φ n : X n → X n as σ j on each T P j . For j n, let z j ∈ C \ {0}, with |z j | 1/2 j , and ζ j := e iπ/2 j −1 . Define a codimension 1 linear isometry T n on C C (X n ) as T n := T [a n , φ n , Δ n ], where a n ≡ ζ j on T P j for each j n, and a n ≡ 1 on N ∪ {∞ ∞ ∞}, and where
Of course, the construction of T n depends on our choice of the sets P j and Λ, the points v j , and the numbers z j . We will prove that for any choices, the operator T n satisfies the theorem.
Proof.
The proof is similar to that of Theorem 5.1. We consider the homeomorphism φ on M coming from the rotation ψ : T → T given in the proof of Theorem 3.1.
Fix n ∈ N, and assume that X n and T n = T [a n , φ n , Δ n ] are as in the proof of Theorem 5.1. Take z n+1 ∈ C \ {0} such that |z n+1 | 1/2 n+1 , and put ζ n+1 := e iπ/2 n .
We are going to define an isometric shift on X M n . First put
A (0,2πΦ) f dm + Δ n (f ).
Obviously we are assuming that 1/2π does not belong to the linear span (over Q) of {ρ α : α ∈ P 1 ∪ · · · ∪ P n }. Let a M n ∈ C C (X M n ) be equal to ζ n+1 on M, and equal to a n on X n , and let φ M n : X M n → X M n be defined as φ n on X n , and as φ on M.
Following the same process as in the proof of Theorem 5.1, we easily obtain that 0 = z n+1 A(α,2πΦ+α) f dm for every α ∈ T. As in the proof of Theorem 3.1, we see that f ≡ 0 on T, which is to say that f ≡ 0 on M. We deduce that f ∈ ∞ m=1 T m n (C C (X n )), and consequently f ≡ 0. 2 Remark 5.1. Notice that in both Theorems 5.1 and 5.2, we allow the possibility that κ j = κ k for some (or all) j = k.
Our next example shows in fact that the procedure followed above is no longer valid when dealing with K = R. It is easy to check that α j ξ X j + α k ξ X k belongs to T n (C R (X)) for every n ∈ N, and consequently T is not a shift.
In particular, we see that neither C R (T + T 2 + T 3 + N ∪ {∞ ∞ ∞}) nor C R (M + T + T 2 + T 3 + N ∪ {∞ ∞ ∞}) admit an isometric shift.
